We report measurements of frequency degenerate and nondegenerate two-photon absorption (2PA) spectra of CdTe quantum dots, QDs, in glass matrices and compare them with 2PA in bulk CdTe. We find that the 2PA is strongly dependent on the size of the QDs becoming smaller with decreasing size, even when normalizing to the volume of the dots. We adapt a simple degenerate 2PA model, based on the effective mass approximation, to nondegenerate 2PA, and this model correctly describes the experimental data for 2-photon energies up to ~ 1.4Eg. This suggests that, once the spectrum for one size of quantum dot is known, the model can be used for predicting the degenerate and nondegenerate 2PA spectra of different sized QDs of the same semiconductor. 
Introduction
The linear and nonlinear optical properties of semiconductor quantum dots (QDs) have been intensely studied in the last decade due to their three-dimensional quantum confinement which gives them interesting properties. The linear properties are quite well understood. [1, 2] The electronic density of states changes from the continuum for bulk semiconductors toward a system of discrete states in QDs [1] , and the photoexcited carrier recombination time goes from nanoseconds in bulk semiconductors down to picoseconds in QDs due to the high concentration of surface states [2] . Nevertheless, the magnitude and frequency dependence of the nonlinear refractive index, n 2 , and the two-photon absorption coefficient, β, are less well understood. Some authors have experimentally determined that QDs exhibit n 2 and β with the same order of magnitude and similar dispersion to those of bulk materials [3, 4] , however other authors have reported results for n 2 and β which differ significantly from those predicted by theories for the bulk [5, 6] . Additionally, Duarte et. al. [7] has shown that these nonlinear properties can be changed due to a photodarkening effect produced by exposure of the QDs to high laser irradiance. The photodarkening is accompanied by an increase in β and change in value of n 2 along with its possible sign change. [7] A complete understanding of the linear and nonlinear optical properties of semiconductor QDs is desirable, since it would help determine their suitability for possible applications.
In this paper we report measurements of the frequency degenerate and nondegenerate twophoton absorption (2PA) spectrum for different samples of CdTe quantum dots in glass matrices. The experimental results show that these spectra are different from that predicted by the theory for the bulk [8] , and strongly depend on the QD size. We propose a theoretical model based on the effective mass approximation for explaining the dependence of spectra on the quantum dot size.
Theoretical model for nondegenerate 2PA
Theories have already been developed to describe the degenerate 2PA in systems with QDs [9, 10] . For direct bandgap semiconductor QDs, Fedorov et. al. [10] proposed a simple theory for both linear absorption and 2PA based on the effective mass approximation. Although this simple model does not consider the band mixing between the light and heavy holes in the valence band [9] , it works quite well for describing the linear absorption. Here we extend the theory proposed by Fedorov et. al. [10] to obtain an analytical expression for the nondegenerate 2PA coefficient for semiconductor quantum dots using the well known theory for nondegenerate 2PA in bulk semiconductors [11] .
The nondegenerate 2PA transition rate is given by [11] .
where E i and E f , represent the energies of the initial and final states [10] . The matrix elements M nd f,i give the strengths of the transitions between these states:
where a represents the intermediate state,
, and γ is the inverse of the life-time in each excited state.
For non-centrosymmetric semiconductors, a second channel, which considers the dipole approximation due to the difference in the dipole moment in each band, has to be considered. From Eq. (1) and considering the second channel, the nondegenerate 2PA coefficient is written as:
where N is the QD density in the sample, ρ is the Maxwell Garnett local field correction, E g is the quantum dot bandgap energy, x j =ħω j /E g , and k and Q are constants which give the strength of each channel. Here,
describes the transitions due to the difference in the dipole moment, and ( (5) results from Eq. (1). The term T i,f c,hjND is given by, 
ξ i and ξ f are the arguments at which the spherical Bessel functions equal zero, which correspond to the initial and final states respectively [10] ,
, and f(r) are functions which describe the size distribution of the quantum dots. Usually we can consider f(r) as a Gaussian distribution. In Eqs. (4) and (5) sum over j means the sum over the three sub-bands in the valence band: heavy holes, light holes, and split-off band [10] . The constants k and Q depend only on the semiconductor properties and should be the same for fitting the nondegenerate 2PA spectrum of samples with different size QDs and for different pump photon energies. Figure 1 shows the linear absorption spectra for the samples investigated. The details of the glass sample preparation processes are described in Ref. [12, 13] . The QD's size and the fill fraction may be estimated by analyzing TEM (Transmission Electron Microscopy) images of the samples. [14] The fill fraction is defined as the fraction of volume of the glass composite material occupied by the quantum dot. Based on TEM imaging, sample CdTe-750 has quantum dots with an average radius of 6.6 ± 0.9 nm, with a QD fill fraction of ~ 0.85 ± 0.17%. The second sample, CdTe-600, has smaller nanoparticles, 3.2 ± 0.4 nm in radius, and a fill fraction of ~ 2.0 ± 0.4%. The third sample, CdTe-570, contains quantum dots with a 2.9 ± 0.5 nm radius, and a fill fraction of ~ 1.3 ± 0.3%. From the linear absorption spectra we find that the bandgap of CdTe-750 is 1.67 eV, of CdTe-600 is 2.07 eV and of CdTe-570 is 2.17 eV, which from the theory correspond to radii of 6.4 ± 0.9 nm for CdTe-750, 3.1 ± 0.3 nm for CdTe-600, and 2.8 ± 0.4 nm for CdTe-570. These values agree closely with the TEM analysis. These analyses show that all the samples have the same structure within the same glass matrix, differing only in the QD size and fill fraction. Because the fill fraction is in the order of 10 -2 , the relative distance between two QDs is large enough to avoid interaction between QDs. The degenerate 2PA spectra were measured using open aperture Z-scans [15] at different wavelengths from an optical parametric generator/amplifier (OPA) tunable from 500nm up to 2200nm, that is pumped by a Ti:Sapphire regenerative amplifier with pulses of ~140 fs FWHM, at 775nm with a 1 KHz repetition rate. The nondegenerate 2PA spectra were measured by using a femtosecond pump and white-light continuum (WLC) probe [16] . The experimental setup has been previously described in detail [16] . The pump beam is from an optical parametric generator/amplifier (OPA) identical to that one used for the Z-scan experiment so that we can choose the pump wavelength over a broad spectral range. The probe beam is a femtosecond WLC generated in a CaF 2 crystal pumped by a second OPA set to 1300nm. Spectral filters, with 10nm spectral band, are used for selecting the probe wavelength (λ 1 ), so that we are able to study the absorption of the probe photon with energy ħ ω 1 due to the presence of the pump photon of energy ħ ω 2 . Using filters with different λ 1 we can cover the spectrum for the nondegenerate 2PA. The pulsewidths of both pump and probe are independently measured with autocorrelation techniques, and the spatial profiles are also measured [16] . We choose the pump photon energy to be lower than E g /2, and we make the probe beam weak enough so that we avoid any degenerate 2PA in these nondegenerate spectral experiments. Although these samples may experience permanent changes in absorption after prolonged illumination at high irradiance, all the data shown in this paper were measured using sufficiently low irradiances to avoid any photoinduced changes in the sample. Figure 2 shows the degenerate 2PA spectrum and three different nondegenerate 2PA spectra, each one at a different pump photon energy, together with the theoretical curves for CdTe-750, all plotted versus the two-photon energy, ħ Figure 3 is the same as Fig. 2 but for CdTe-600. In this case, the best fitting for this higher QD fill fraction sample uses k = 0.124 ± 0.024 and Q = 0.13 ± 0.025. For the nondegenerate measurements with a pump photon at 1300nm for CdTe-600, the signal is so small that the competing effect of cross phase modulation masks the signal so that we were only able to determine an upper bound on the signal. This is indicated by the large error bars starting from zero in Fig. 3 . The values used for k and Q in both samples are very similar, the discrepancy of around 10% can be explained mainly by the uncertainty in the QD fill fraction in each sample which is around ±20%. Also in Fig. 3 we see that the experimental data for the degenerate 2PA is higher than that predicted by theory, and we do not observe the dip predicted at ~ 0.75E g . There are two clear possibilities to explain these discrepancies. First, this theory does not consider the band mixing between the heavy and light hole bands, which has been observed in QDs [9, 17, 18] . Such band mixing can allow transitions at wavelengths that would eliminate the dip seen in Fig. 2 . The simpler theory also presents some dips when it is used to fit the linear absorption spectrum, and those dips are eliminated by considering the theory proposed in Ref. [17, 18] The second reason can be from the effects of photodarkening which occurs in QD doped glass matrices when they are exposed to high intensity laser light as in a Z-scan experiment [7] . 
Experimental results
Pump @ 1500nm Pump @ 1700nm Z-scan data In Fig. 2 we compare the degenerate 2PA spectrum for CdTe-750 with the curve predicted for the bulk [19] . While the bulk theory shows a peak near 0.7 E g , the nondegenerate data is nearly monotonically increasing up to very near E g . Figures 2 and 3 show that for the same two-photon energy the nondegenerate 2PA coefficient is higher for higher ħ ω 1 , and the nondegenerate 2PA is also higher than that for the degenerate case. The enhancement of the nondegenerate 2PA coefficient as the probe photon energy goes closer to the linear absorption edge is predicted by the theory and it indicates that, as in bulk semiconductors, for the same two-photon energy it is more probable to absorb two photons with different energies than two photons with the same energy. This occurs because in the nondegenerate case, one of the photons has an energy closer to E g and hence is closer to the intermediate state resonance.
In Fig. 4 we compare the spectra for the different size quantum dots. Here we normalize the 2PA coefficients by dividing by the fill fraction and by the Maxwell-Garnet local field penetration, which is a factor 0.30 for each sample. We observe that the nondegenerate 2PA coefficients are size dependent. From comparisons of Figs. 2 and 3 we also see that the degenerate β's are different. The theoretical curves in Fig. 4 show in addition that the first peak in the 2PA is blue shifted as the quantum dot size is decreased, and the 2PA coefficient is reduced for smaller QDs. The 2PA coefficient depends on the density of possible transitions (C) . For smaller quantum dots, the number of possible transitions per unit energy is lower and, consequently the probability for 2PA is decreased. Also, the quantum confinement introduces an increase in the bandgap energy, which from Eq. 3 gives a decrease in the 2PA coefficient. For CdTe-570 all the measurements showed a nondegenerate 2PA coefficient with at least 100% error due to our experimental sensitivity of ~0.6 % of the normalized transmittance measured. Based on the fitting of the two larger QD samples, we use k = 0.129 and Q = 0.135 to estimate the nondegenerate 2PA coefficient for CdTe-570. The theoretical value for this sample presents a maximum value of ~0.002 cm/GW, which is consistent with our experimental result. 
Conclusion
In conclusion, the experimental results have shown that both the degenerate and nondegenerate 2PA spectra in systems with semiconductor QDs are different from that for bulk semiconductors and are strongly size dependent. For smaller QDs the experimental data showed lower 2PA coefficients and those values decrease faster than for larger QDs as the wavelength approaches the 2PA edge. The proposed theory for the nondegenerate case is based on a simple model; nevertheless, it fits the entire set of data for the samples studied. The close agreement between fitted values for material constants k and Q used in the theory for the spectra of CdTe-600 and CdTe-750 suggests that the proposed model can be used for predicting the degenerate and nondegenerate 2PA spectra of different sized QDs of the same semiconductor. Once the values for k and Q are determined for the degenerate spectrum, this theory can also predict the values of the nondegenerate spectra and vice-versa. The close agreement between theory and experiment indicates that contributions of surface states to the 2PA is negligible in these samples.
